Class-Xll-Maths Three Dimensional Geometry

CBSE NCERT Solutions for Class 12 Maths Chapter 11

Back of Chapter Questions

Exercise 11.1
1. If aline makes angle30°, 135°, 45° with thex, y andz-axes respectively,

find its direction cosines.

Solution:

Consideringdirection @sines of the line dsm, andn.

l=cos90° =0
_ o_ _ 1
m = cos 135° = 5
n = cos 45° = —
V2
. . . ) 1 1
Hence the direction cosines of the line ar,e-ﬁ andﬁ.

2. Find the direction cosines of a limdich makes equal angles with the coordinate axes.

Solution:

Consider, the direction cosié the line makig an anglex with each of the coordinate
axes.

~1l=cosa,m=cosan = cosa
P+m?+n®=1

2 2 2
= cos“a+cos“a+cos‘a=1

= 3cos?a=1
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5 1
= cos“ o =<
3

1
> cosa=+—

V3
Therefore the direction cosines of the line, which is equally inclined to the coordinate

1 1 1
axes, aret NeL + N and+ =

3. If aline has the direan ratios—18, 12, —4, then what are its direction cosines?

Solution:
Considering direction cosines of the linel,as, andn.

Theline has direction ratios 6£18, 12 and—4 then its direction cosines are

| = -18
1824122+ (-4)2’

12
J(=18)2+(12)2+(-4)2

—4
N = T oerraniicar

Therefore] = _2—128

12
m-=—

22

-4

n= —
22

-2

. . . 9 6
Thus, the direction cosines are—, — and11

4. Show that the point&, 3, 4), (—1,—-2,1), (5, 8, 7) are collinear.

Solution:

Given: A(2,3,4),B(—1,-2,1) andC(5, 8, 7).
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We knowthat the direction ratios of line joining the poilits, y,,z;) and(x,,y,,z,) are
glven beZ - Xl' yZ - Y1 andZZ - Zl'

The direction ratios aAB are(—1 — 2), (=2 — 3) and(1 — 4)

=> —3,—5and-3.

The direction ratios oBC are(5 — (—1)), (8 — (=2)) and(7 — 1).
=> 6,10 andé6.

It is seen that the direction rati@f BC are—2 times that ofAB thereforethey are
proportional.

Thus AB is parallel toBC. Since pointB is common to botAB andBC, pointsA, B andC
are collinear.

5. Find the direction cosines of the sides of the triamgiese vertices are
(3,5,—4),(—1,1,2) and(-5,—-5,—-2)

Solution:
Given that he vertices oAABC areA(3,5,—4),B(-1,1,2) andC(-5, -5, —-2).

A (3,5.-4)

B2

We know that the direction ratios of line joining the poiids y,,z;) and(x,,y,,z,) are
glven beZ - Xl’ y2 - Y1 andZZ - Z1
The direction ratios of sid&B with the pointsA(3,5,—4),B(—1,1,2) are

=>(-1—-3),(1-5) and(2 — (—4))

=>—4,—4 andé6.
Then/(—4)2 + (=4)2 + (6)2 = V16 + 16 + 36
=68
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= 2V17

Therefore, the direction cosinesAl8 are

-4 -4 6
>
VED2HED2H(6)2 'V (92 +H(-02+(6)2 'V (-4 2+ (-4) 2 +(6)?

-4 4 6

=> —_
2V17’  2v17 2417
__ -2 -2 3
V17’ V17’17

Thedirection ratios oBC with the pointsB(—1, 1, 2) andC(-5, -5, —2) are
=>(-5—-(-1)),(-5-1) and(-2 — 2)
=>—4,—6 and—4.

Therefore, the direction cosinesRBa are

> -4 -6 -4
VEDPH (62402 (02 +(-6)*+(—4)? 'V (-4 +(-6)2+(—4)?

- -4 -6 —4
2V17’ 2417’ 2417

The direction ratios ofA with the pointsA(3,5,—4) andC(—5,—5,—2) are

=>(=5—3),(=5—5) and(-2 — (—4))
=>—-8,—10 and2.

Therefore, the direction cosinesA® are

= -8 -10 2
T E92+ (10242 (-8)2+(10)2+(2)2 ' (-8)2+(10)2+(2)?

- -8 -10 2
2V42’ 24/42’ 2+/42

Exercise 11.2

1. Show that the three lines with direction cosines

12 -3 =4 4 12 3 3 -4 12 .
-, —,—;—,—,—;—,—,— are mutually perpendicular.
13°137°13 "13°13°13 13" 13 13

Solution:
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We know thatwo lines with direction cosinek, m,, n,; andl,, m,, n, are perpendicular
to each other

When 1112 + m;m, + nin, = O

—4- 4-123

(i) For the lines with direction cosmes,,
13’ 13 13 13 13

-3 12 -4 3
1112+m1m2+n1n2 XE'{'(E)XE'{'(E)XE

_ 48 36 12
169 169 169
=0

Thus thelines are perpendicular.

(ii) For the lines with direction cosines, 2 = =y -
13713713 13713 "13

4 3 12 -4 3 12
1112 +m1m2 +1’11n2 —EXE+1_3X (E)"’EXE
12 48 N 36
169 169 169
=0
Thus the lines are perpendicular.
(i) For the lines with direction cosined:, =, 2 and=Z, _—3 =2 we obtain

13’13 13 13’13’
3 12 -4 -3 12 -4

bl +mym, +0ym, = () % () + (5)  (5) + () » (E)
_36 12 48
169 169 169
=0

Thus the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

. Show that the line through the poirttls —1, 2)(3, 4, —2) is perpendialar to the line
through the point$0, 3,2) and(3, 5, 6).

Solution:
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Consider AB asthe line joining the pointél, —1, 2) and(3, 4, —2) andCD asthe line
joining the pointg0, 3,2) and(3,5, 6).

The direction ratioay, by, c; of AB are(3 — 1), (4 — (—1)) and(—2 — 2)
=>2,5and—4.

The direction ratioa,, b,, c, of CD are(3 — 0), (5 — 3) and(6 — 2).

=> 3,2 and4.

AB andCD will be perpendicular to each otheraifa, + b;b, + c;c, =0
a;a, +b;b, +cic, =2Xx3+5%x2+(—4) x4

=6+10—-16

=0

Thus AB andCD are perpendicular to each other.

3. Show that the line through the poirits 7, 8), (2,3, 4) is parallel to the line through the
points(—1,-2,1),(1,2,5).

Solution:

Consider AB, the line through the poin{g, 7, 8) and(2, 3,4) andCD be the line through
the points(—1,—-2,1) and(1,2,5).

The directions ratios,, b,,c; of ABare(2 — 4),(3 — 7) and(4 — 8)
=>—2,—4 and—4.
The direction ratioss,, b,, ¢, of CD are(1 — (=1)),(2 — (=2)) and(5 — 1)

=>2,4 and4.

AB will be parallel toCD, when2t = 22 = &
ay bz Cy

a_—2_

a, 2

by _—4_

b, 4
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S

Cy 4

a3 by ¢
a; by ¢

Therefore AB is parallel toCD.

4. Find the equation of the line which passes through the pbigt3) and is parallel to the
vector3i + 2j — 2k

Solution:

Given that he line passes through the paiitl, 2, 3).

Thus the position vector throughis

a=1+2]+3k

b =3i+2j -2k

V\ie knowthat the line which passes through padirdand parallel td is given byr =4 +
Ab, whereA is a constant.

= =142+ 3k +A(31+ 2j — 2k)

This is the required equation of the line.

5. Find the equation of the line in vector and in Cartesian form that passes through the point
with position vectoRi — j + 4k and is in the directioh+ 2] — k

Solution:
Given that the line passes through the point with position vector
a=21—-j+4k ...(i)

~

+21—k ..(ii)

o'l
Il

Practice more on Three Dimensional Geometry www.embibe.com




Class-Xll-Maths Three Dimensional Geometry

We knowthat a line through a point with position vecloand parallel td is given by
the equationf = 3 + Ab

=>rt=21—-J+4k+A(1+2]—k)

This is the required equation of the line in vector form.

~ A~

F=xi—vyj+zk
>xi—yj+zk= QA+ 2)1+ A= Dj+ (-1 + Dk
EliminatingA, we obtain the Cartesian form equation as
x—2 y+1 z—-4
1 2 -1
This is the rquired equation of the given line in Cartesian form.

6. Find the Cartesian equation of the line which passes through the pajrt, —5) and
. . X+3 y—4 z+8
parallel to the line given by.= = =— = —

Solution:
Given that the line passésrough the poinf—2,4, —5) and is parallel té‘;—3 = YS;A‘ =
z+8

6

The direction ratios of the Iiri(e;—3 = YT_‘L = ? are3,5 andé.

z+8

. A +3 -4
The required line is parallel E‘eg— = YT =—

Therefore, its direction ratios as&, 5k and6k wherek # 0

We knowthat the equation of the line through the pdmt y,,z,) and with direction
ratiosa, b, c is given byr— = 122 = =%

a b C

Therefore the equation of the required line is
x—(=2) y—4 z—(-)5

3k 5k 6k
X*2 _y 4 _ S
3 5 6
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7. The Cartesian equation of a IineX—i}:E = y7+4 = ? Write its vector form.

Solution:

The Cartesian equation of the line is

3 7

T==T 0
The given line passes through the p@) —4,6). [ from (1)]

The position vector of thigoint isa = 5i — 4] + 6k

The direction ratios of the given line &g/ and2. [ from (1)]

This means that the line is in the direction of vebter 31 + 7j + 2k

We knowthat the line througposition vecto@ and in the direction of the vectbris
given by the equation=4d + Ab, A € R

=t = (51— 4j + 6k) + A(31 + 7] + 2k)

This is the required equation of the given line in vector form.

8. Find the vector and the Cartesian equsatiof the lines that passthrough the origin and
(5,-2,3).

Solution:

The required line passes through the origin. Therefore, its position vector is given by,
3a=0 ..(i)

The direction ratios of the line through origin aitd—2, 3) are

(5-0) =5,

(-2-0)=-2,

(3-0)=3

The line is parallel to the vector given by the equaﬁ@n 51— 2j + 3k
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The equation of the line in vector form through a point with position vaaad parallel
tobis? =3+ Ab,A € R

=7 =0+ A(51 - 2] + 3k)
= = A(51 — 2 + 3k)

The equation of the line through the pdirt, y,,z,) and direction ratios, b, c is given
by

Thus the equation of the required line in the Cartesian form is

x=0 y—0 z-0

9. Find the vector and the Cartesian equations of the line that passes through the points
(3,—2,-5),(3,—2,6).
Solution:
Considerthe line passing through the poi&, —2, —5) andQ(3, —2, 6) bePQ.
As PQ passes througR(3, —2,-5), its position vector is given by
a=31—2]—5k
The direction ratios dPQ are given by,
3-3)=0,
(=2-(=2)) =0,
6-(=5)=11
Therefore,equation of the vector in the directionRf is
b=0.1+0.]+11k = 11k
Thus, theequation ofPQ in vector form is given by = & + Ab,A € R
=t = (31— 2§ — 5k) + 112k
The equation oPQ in Cartesian form is

10
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=> = =
a b c
0 0 11
. . . . -3 +2 +5
Cartesian equations of thiee that passes through the p0|nth—Ors= YT = 21—1

10. Find the angle between the following pairs of lines:
(i) ¥ = 21 — 5 + k + A(31 + 2§ + 6k) and¥ = 71 — 6k + p(1+ 2j + 2k)

(i) ¥ = 31+j — 2k + A(1 — ] — 2k) and¥ = 21 — j — 56k + (31 = 5] — 4k)

Solution:

(i) ConsiderQ asthe angle between the given lines

EIIEZ

The angle between the given pafilines is given bycos Q = A
1 2

The given lines are parallel to the vectdrs= 3i + 2j + 6k andb, = 1 + 2j + 2k
respectively.

Therefore,

|by| =32 +22+62=7

|b,| = V()2 + (22 + (2)% = 3

by - by = (31 +2) + 6k) - (1 + 2j + 2k)
=3X1+4+2X2+6X%X2

=3+4+12
=19

19
= cosQ =

7X3

X
— cac—1 19)
= = —_
Q = cos (21

(i) The given lines are parallel to the vectobs, = 1 —j — 2k and b, = 31 — 5] — 4k
respectively.

11
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11.

s by =/ (DZ+ (D + (-2)2 =6

bz = /(3% + (=5)2 + (4% = V50 = 52
b, -b, = (i—j — 2K) - (31 — 5] — 4k)
=1-3-1(=5)—-2(-4)

=3+5+8
- 16
0sQ = gl'E)Z
|ba|[b2]
16 16 16
BRI TN A BV FENG AT
K
:>cosQ—5—

V3
= Q =cos™?! (%)

Find the agle between the following paf lines:

N\ X—2 -1 z+3 X+2 -4 z—5
(|)—:y—:—and—:y = —
2 5 -3 -1 4

(i) 2=Y=2and2=¥2=
2 2 1 4

Solution:

(i) Let Bl andB2 be the vectors parallel to the pair of lines,

X—2 -1 Z+3 X+2 -4
T = S a2

__z—5
2 5 -3 T 4

s by =214 5] — 3kandb, = —1 + 8j + 4k
[B,] = V@7 + (57 + (-3)2 = V38

[by] = /(=1)% + (8)> + (4)? = VBT = 9
by - by = (21 + 5] — 3K) - (—1 + 8] + 4k)

12
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=2(-1)+5%x8+(-3)-4
=—-2+4+40-12
= 26

The angleQ between the given pair of lines is given by the relation,

0sQ = b b
|by|[ba]
- c0sQ 26
COS = —
938

byl =V (@2 + (27 + (1)2=V9 =3
b, =V42 + 12 + 82 =/81 = 9

b, - by = (21 + 2§ + K) - (41 +§ + 8K)
=2X44+2%x1+1%x8

=8+2+8
=18
If Q is the angldetween the given pair of lingthencos Q = IS 1|'|%2 |
1 2
18 2
= = = —
cosQ x93

X
_ 2
= Q = cos 1(5

12. Find the valuesf p so the line== = =12 = 223 ang=* = Y= = 222 3r¢ at right
3 2p 2 3p 1 5

angles.

13
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Solution:

Given equations can be writtémthe standard form as

x—-1 y—2 z—3 x—1 y-5 Z—6
— = =—and—y =—=—
-3 2710 2 _jp 1 -5

The direction ratios of the lines aré3,27p, 2 and_?sp, 1, —5 respectively.

Two lines with direction ratiosy;, b, c; anda,, b,, c, areperpendicular to each other, if
a1a2 + b1b2 + C1C2 = 0

- (=3). (_T?’p) + (27") (1) +2.(=5) =0
S PP
= 11p = 70

70
11

10

=P

Therefore the value op is i—(l)

+2 -
- =Zand-=1= gare perpendicular to each other.

13. Show that the lines= =
7 -5 1 1

Solution:

. . . . -5 +2
Equations for the given lines are given 5:;— AL df =7

——=-an 2 ==
-5 1

Direction ratiogor the respective lines arg;—5,1 and1, 2, 3.

Two lines with direction ratiosy,,b,, c; anda,, b,, c, areperpendicular to each other,
Whena1a2 + ble + C1C2 = O

f27Xx14+(-5)x2+1x%x3
=7—-10+3
=0

Hence the given lines are perpendicular to each other.

14
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14. Find the sbrtest distance between the lines

r=({+2j+k)+A(i-j+k)and

F=21—)—k+pRi+j+2k

Solution:

Equations for the given lines can be written as:
r=@G0+2{+k)+2G-j+k)

P =2i—j—k+pRi+j+2k)

We knav that the shortest distance between the lihesd, + Ab, and? = 3, + ub,, is
given by,

(5)1 XEZ)'@Z -a1)

d= ——
|byxb,|

(i)

Comparimg the given equations, we get

3, =1+2+k
b, =1—j+k

3, =21-7-k
b, = 21 +] + 2k

a3, -3, =QRi-j-k—-@G+2j+k) =i-3j-2k

~

L i j k
b; Xb, =1 =1 1
2 1 2

b, Xby = (=2— Di—(2-2)j+ (1 +2)k = —31+ 3k
= |b; xby| =4/(=3)2+ 3)2 =vV9 + 9 =18 = 3V2

Substituting all the values theequation (j, we get

d= |(—3i+3ﬁ)-(i—3j—zﬁ)

3v2
L |—3.1 +3(-2)
3v2
>d= |_—9
3v2

15
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15.

3 _3xV2 3V2
V2 VZxVZ o 2

Thus the shortest distance between the two Iinéézismits.

=>d

Find the shortest distance between the lines

x+1 _ y+1 _ z+1 ndx—3 y—=5 z—7
7 7 -6 1 1 -2 1

Solution:

Given lines are:

x+1 _ y+1 _ z+1 dx—3 y-5 _ z-7

7 -6 1 1 -2 T
We knowthat the shortestistance btween the two lines is:

X—Xq — y-y1 — Z—17q andX—Xz — y=Yy2

= 22 js given by,
C2

aq b,y C1 az b,

X2—X1 Y27YV1 Z277Z1

aq by C1

az b, C2 (i
d (1)

- J(bicz—byci)2+(c1az—cpa;1)%+(a;by—azbg)?2
Comparimg the given equations, we get
x1=-1, y37=-1, z;=-1
a;=7, b;=—-6 ¢,=1
X, =3, y, =5 2z,=7
a, =1 by;==2, ¢c,=1

Xop—=Xq1 Y2—V1 Z—74 4 6 8
Therefore| az by ¢ (=7 -6 1
az b2 C2 1 _2 1
=4(-6+2)—6(7—1)+8(—14+6)
=—-16—36—64
=-116

= \/(blcz —bycy)? + (c1a; — ca;)% + (a;b, —azbg)?
= (=6+2)2+ (1+7)2+ (—14 + 6)2

16
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16.

Practice more on Three Dimensional Geometry

=16 + 36 + 64

=+v116

= 2v29

Substituting all the values in equation (i), ge&t

-116 —-58 —-2x29
d= = = = -2v29
229 V29 V29
As distance is always nemegative the distance between thiees

? - y_;zs = ? is 24/29 units.

X+1 +1 z+1
= = =""and
7 -6 1

Find the shortest distance between the lines whose vector equations are
t=(T+ 2]+ 3k) + (1 — 3] + 2k)

andf = 41 + 5§ + 6k + (21 + 3§ + k)

Solution:
Vector equations of the given lines are:
r =1+ 2]+ 3k+A@d = 3]+ 2k) andf = 41 + 5] + 6k + p(2i + 37 + k)

We knowthat the shortest distance between the Jines3, + Ab, andt = 3, + pb,.
The given lines are given by,

(B1 XBZ)'(az -a;)

d=| TR

| (i)

Comparing the given equations witk= 3, + Ab, andt = 3, + ub,

3, =1+2j+3k

3
a, = (41 + 5]+ 6k) — (i+2j+3k) =31+ 3) + 3k

Q)
N
|

17
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~

— — i j k ~ ~
by xb,=|1 -3 2|=(-3-6)i—(1—-4)j+@+6)k=—-9+3]+9k
2 3 1

= |by x by| = /(=9)2 + (3)2 + (9)2 = VBT + 9 + 81 = V171 = 3V19
(b; x by) - (B, — ;) = (=91 + 3) + 9Kk) - (31 + 3§ + 3k)
=-9%x3+3%x3+9x%3

=9

Substituting all the values in equation (i), ge&t

9 3
-l
3v19l V19

Thus the shortest distance between the two given Iiny%&g isnits.

17. Find the shortest distance between the lines whose vector equations are
r=(1-9i+ (t—2)j+ 3 -2tkand
P=(s+Di+ (2s—1)j— @s+ Dk

Solution:
The given vector equations are;

r=1-0i+(t—-2)j+ B —-20k
=>t=0-21+3k)+t(-1+j—2k) ...(i)

-
Il
an

s+ 1i+(2s—1)j—(2s+ Dk

=>t=(1-J=k)+s(i+2j—2k) ..(i i)

We knowthat the shortest distance between the lines3, + Ab, andt = 3, + pb,, is
given by,

(31 XBZ)'@Z —ay)

d= ——
|byxb,|

(i)

For the given equations we have:

18
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i—j—k

o)

2

, =1+2j—2k

ol

d, - =(G-j—k) —(@0-2+3k =74k

-~

— — ’1\ j\ k ~ «~
byXby,=|-1 1 —2l=(2+01—-@2+2)j+(=2-1Dk=21—4j-3k
1 2 =2

= [By xBy| = V@2 + (-0 + (=32 =VA+ 16 +9 =29
2 (byxby) @, —3) = (21-4-3k)-(—4k)=-4+12=8

Substituting all the values in equation (iii), et

=== 5
29 29
Thus the shortest distance between the Iin%;)iynits.

Exercise 11.3

1. In each of the following cases, determine the direction cosines of the normal to the plane
and the distance from the origin.

A)z=2
B)x+y+z=1
(C)2x+3y—z=5
(D)5y+8=0

Solution:

(a) Given:

The equatiorof the plane iz = 2

The above equation can be rewrittentas+ 0y +z =2 ...( i )
The direction ratios of the normal a@g) and1.

202402 +12=1

Dividing both sides of equation (i) dy we get:
OXx+0Xxy+1xz=2

19
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Thus, this is othe formlx + my + nz = d wherel, m, n are the direction cosines of
normal to the plane andlis the distance of the perpendicular drawn from the origin.

Hence, the direction cosines & and1.

The distance of the plane from the origir2 isnits.
(b) Given:

The equation of the planesisty+z=1 ...( i )

The direction ratios of normal ate1 and1.
N2+ @2+ (1) =3
Dividing both sides of equation (i) by3, we get:

1 1 1 1 ..
\/—§X+\/—§y+52—ﬁ ( 1 )

Thus, this equation is of the forim+ my + nz = d, wherel, m, n are the direction
cosines of normal to the plane ahd the distance of normal from the origin.

Hence, the direction cosines of the normal%r,e\/% and% and tre distance of normal

.o 1 .
from the origin IS~ units.

(c) Given:
The equation of the plane2g + 3y —z =5 ...( i )

The direction ratios of normal ake3 and—1.
w22+ (3)2+ (-1)2=V14
Dividing both sides of equation (@) v14, we get:

2 3 1 5
i tmY AT

Thus, this equation is of the foix+ my + nz = d, wherel, m, n are the direction
cosines of normal to the plane ahd the distance of normal from the origin.

Hence, the daction cosines of the normal to the planefzﬁe\/% and\/_T_l4 and the
distance of normal from the origin% units.

(d) Given:

The equation of the planeiy + 8 = 0

=2 0x—5y+0z=8 ...( i)

The direction ratios afiormal ared, —5 andO.

#J0+(=5)2+0=5
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Dividing both sides of equation (i) By we get:
)
—y =<

Thus, this equation is of the forim+ my + nz = d, wherel, m, n are the direction
cosines of normal to the plane ahds the distace of normal from the origin.

Hence, the direction cosines of the normal to the plan@, are and0 and the distance
of normal from the origin i§ units.

2. Find the vector equation of a plane which is at a distanZeunits from the origin and
normal to the vectosi + 5j — 6k.

Solution:
Given:
The normal vector igj = 31 + 5] — 6k
n 31+ 5] —6k 314 5)—6k

.'.ﬁ: =

il /3)2Z+ G2 +6)2 V70

We know that the equation of the péawith position vector given byr. i = d

~ <3i + 5] — 6R>
S| ———| =
V70
3i+5j—6k

Hence, the vector equation of the required plame(rs—) 7

3. Find the Cartesian equation of the following planes:
(@f-G+j—-k =2
(b)T- (21 +3j—4k) =1
©F-[(s— 20+ (B —1j+ (2s + )k] = 15

Solution:
(a) Given:
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The equation of the planefis(i+j—k) =2 ...( i )

For any arbitrary poin(x, y,z) on the plane, the position vecfois given by,
F=xi+yj+zk

Thus, by substituting the value bin equation (i), we get:
(xi+yj+zk)(i+j—k)=2

XD+ yxD)+(@Ezx-1)=2

>x+y—z=2

Thereforex + y — z = 2 is the required cartesian equation of the given plane.
(b) Given:

The equation of the planefis(21 + 3] —4k) =1 ...( i)

For any arbitrary poine(x,y, z) on the plane, the position vecfois given by,

P =xi+yj+zk

Thus, by substituting the value bin equation (i), we obtai
(xi+yj+zk)(21+3j— 4k) =1

=>2x+3y—4z=2

Therefore2x + 3y — 4z = 2 is the required cartesian equation of the given plane.
(c) Given:

The equation of the planei(s — 20)i+ 3 — )]+ 2s+ k] =15 ...( i )
For any arbitrary poink(x,y,z) on the plane, position vectdis given by,
t=xi+yj+zk

Thus, by substituting the value bin equation (i), we obtain

(i +yj + zR)[(s — 20)1 + (3 — )] + (2s + t)k] = 15

=>(—-20)x+B—-ty+ (2s+t)z=15

Therefore(s — 2t)x + (3 — t)y + (2s + t)z = 15 is the required cartesian equation of
the given plane.

4. In the following cases, find the coordinates of the foot of the perpendicular drawn from
the origin.

(A)2x+3y+4z—-12=0
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B)3y+4z—-6=0
C)x+y+z=1
(D)5y+8=0

Solution:
(A) Given:
The equation of the plane2s + 3y + 4z — 12 =0

Consider the coordinates of the foot of perpendicifaom the origin to the plane be
(X1, Y1, 71)-

2Xx+3y+4z—-12=0

=>2x+3y+4z=12 ...( i)

The direction ratios of normal age3 and4.

=722+ (3)2 + (4)? =29

On dividing both sides of equation (i) B29, we obtain

4 12
ST

Thus, this equation is of the fafix + my + nz = d, wherel, m, n are the direction
cosines of normal to the plane ahd the distance of normal from the origin.

The coordinates of the foot of the perpendicular are giveidoind, nd).

12 3 12 4 12 24 36 48
So( X — X — X ) ( ——).

V29 " V29°V29 © V29'v29 ~ V29 29’49’ 29
Hence, the coordinates of the foot of the perpendlcula(rgé ?3}%,;—8).

(B) Given:
The equation of the plane3y +4z -6 =0

Consider the coordinates of the foot of perpendicifaom the origin to the plane be
(X1, Y1, Z1)-

3y+4z—-6=0

=20x+3y+4z=6 ...(1)

The direction ratios of the normal a&e3 and4.
2J0+32+42=5

On dividing both sides of equati¢n by 5, we obtain
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3 4 6
0Ox + Ey + EZ =<
Thus, this equation is of the forim+ my + nz = d, wherel, m, n are the direction
cosines of normal to the plane ahds the distance of normal from the origin.

The coordinates of the foot of the perpentficare given byld, md, nd).

S0,(0,2x 2,4 8) = (0,22,29)

5 ’2525
. . 18 24
Hence, the coordinates of the foot of the perpendlcula(r(m;%,g).
(C) Given:
The equation of the planesisty+z =1

Consider the coordinates of the foofpefrpendiculaP from the origin to the plane be
(X1, Y1, Z1)-

x+y+z=1 ..(i)

The direction ratios of the normal akgl, and1.

wN12+12 412 =43

On dividing both sides of equation (i) ¥, we obtain

1 1 1 1
RXTREYTHE2= 5

Thus, this equation is of the foix+ my + nz = d, wherel, m, n are the direction
cosines of normal to the plane ahé the distance of normal from the origin.

The coordinates of the foot of the perpendicular are giveihdoynd, nd).

(Graaetzen)-(2)

Hence, the coordinates of the foot of the perpendicula(r%aée%).

(D) Given:
The equation of the planeis +8 =0

Consider the coordinates of the foot of perpendicRifrom the origin to the plane be
(X1, Y1, Z1)-

5y+8=0
=>0x—5y+0z=8 ..(1)

The direction ratios of the normal &reg-5, and0.

#yJ0+(=5)2+0=5
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On dividing both sides of equation (i) Bywe obtain

8

—y =<

Thus, this equation isf the formlx + my + nz = d, wherel, m, n are the direction
cosines of normal to the plane ahds the distance of normal from the origin.

The coordinates of the foot of the perpendicular are giveiidpynd, nd).

(0,—1 x g,o) - (o,—g,o).

Hence, theoordinates of the foot of the perpendicular(e(r,e—g, O)

5. Find the vector and Cartesian equation of the planes
(a) that passes through the pdiht0, —2) and the normal to the planeiis j — k.
(b) that passes through the poi, 4, 6) and the normal vector to the plané is 2j + k.

Solution:

(a) Given:

The position vector of poir(, 0,—2) isa = 1 — 2k

So, the normal vectdy¥ perpendicular to the planels= 1 +j — k
The vector equation of the plaregiven by —3).N = 0

= [F-(0-2k)]-(+7-k)=0 ..(i)

T is the position vector of any poiBitx,y,z) in the plane.

L F=xi+yj+zk

Hence, equation (i) becomes

[(xi+yj+zk) — (1—2k)]- (1+7—k) =0

= [x—Di+yj+ @z+2)k]-(+j-k)=0
>x-1+y—-(z+2)=0

>x+y—z—-3=0

>x+y—z=3

Thereforex + y — z = 3 is the cartesian equation of the required plane.
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(b) The position vector of the poift, 4,6) isa = 1+ 4j + 6k
The normal vectoN perpendicular to the planeﬁéz i—-2j+k
The vector equation of the plane is given @ 3).N = 0
=>[F-(G+4+6k)]-G-2f+k)=0 ..(i)

I is the position vector of any poiB{x,y, z) in the plane.

» P=xi+yj+zk

Hence, equation (i) becomes

[(xi+yj+2k) - (1+4)+6k)]-(1-21+k)=0

> [x=-Di+y-Dj+@z-6)k]-(1-21+k)=0
>x-1)-2(y-4)+(z—-6)=0

=>x—-2y+z+1=0

Thereforex — 2y + z + 1 = 0 is the Cartesian equation of the required plane.

6. Find the equations of the planes that passes throughpiirgs.
(@) (1,1,-1),(6,4,-5),(=4,—2,3)
(b) (1,1,0),(1,2,1),(-2,2,-1)

Solution:

(a) The given points a#(1,1,—1),B(6,4, —5) andC(—4, —2, 3).
1 1 -1
6 4 =5[{=(12-10)—-(18—20)—(—-12+16)

-4 -2 3

=2+2-4

=0

SinceA, B, C are collinear points, there will be infinite number of planes passing through
the given points.

(b) The given points ar&(1,1,0),B(1,2,1) andC(-2,2,—1).
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1 1 0
1 2 1|=(2-2)-Q2+2)=-8%0
-2 2 -1

Therefore, a plae will pass through the poindsB, andC.

We know that the equation of the plane through the p&niy,, z,), (X2, y2,2,) and
(X3,¥3,23) IS
X—X1 Y= V1 Z—74
X2 7X1 Y2—=V1 22774
X3 —=X1 Y3—™YV1 Z3— 73
x—1 y—1
0 1 1
-3 1 -1
=>(-2)x—-1)-3(y—1)+3z=0

= —2x—3y+3z+2+3=0

=0

N

= =0

= —2x—3y+3z=-5
=>2x+3y—3z=5

Thus,2x + 3y — 3z = 5 is the Cartesian equation of the required plane.

7. Find the intercepts cut off by the plabe+y —z =5

Solution:
Given:
2x+y—z=5 ...(i)

On dividing both sides of equation (i) Bywe obtain
2.y
EX + g -

=

Z—l
z =

+5+_5—1 L)

NG| X

We know that the equation of a plane in intercept forfmig + = = 1, wherea, b, c are
the intercepts cut off by the planexay andz axes respectively.

Thus, for the given equation,

5
azg,b=5andc=—5
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Therefore, the intercepts cut off by the planezat‘eand—S

8. Find the equation of the plane with interc8min they-axis and parallel td0X plane.

Solution:
Given:

The plane is parallel tOX plane is as shown in figure.
Y

A

(0,3,0)

Z
The equation of the plane with intercepts a, b, c on X, y, and z axis respectively.
Thus, the intercept oxraxis= 0
~a=0
And, the intercept om-axis= 0
nc=0
Since they-intercept of the plane B
~b=3

So, equation of a plane

Hence, the equation of the required plangis3
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9. Find the equation of the plane througke intersection of the plan8s —y + 2z -4 =0
andx +y + z — 2 = 0 and the poin{2, 2, 1).

Solution:

The equation of any plane through the intersection of the planes,
3x—y+2z—4=0andx+y+z—-2=0is
Bx—y+2z—4)+ax+y+z—2)=0,wherea €R ...( 1)
The plane psses through the poif2, 2, 1).

Thus, this point will satisfy equation (i)

2(B3%x2-242%x1-4)+a(2+2+1-2)=0

=22+4+3a=0
2
>a=—=
3
By substitutingx = —g in equation (i), we obtain

2
(3x—y+22—4)—§(x+y+z—2)=0
=>30Bx—y+2z2—4)-2x+y+z-2)=0
> Ox—3y+6z2—12)-2(x+y+z—-2)=0
= 7x—5y+4z—8=0

Therefore,7x — 5y + 4z — 8 = 0 is the required equation of the plane.

10. Find the vector equation of the plane passing through the intersection of the planes

(214 2j—3k) =77 (21 + 5§ + 3k) = 9 and throgh the poin(2, 1, 3).

Solution:
It is given that the plane passes throigli2i + 2j — 3k) = 7 and? - (21 + 5] + 3k) = 9
The equations of the planes are

>t (21+2§-3k)—7=0 ...( i)

29
Practice more on Three Dimensional Geometry www.embibe.com




Class-Xll-Maths Three Dimensional Geometry
t-(2i+5/+3k)—9=0 ..(i i)

So, the equation adny plane through the intersection of the planes given in equations (i)
and (ii) is given by,

[f-(21+ 2] — 3k) — 7] + A[F- (21 + 5] + 3k) — 9] = 0, whereA € R

=

[(21+ 25— 3k) + A(21 + 5] + 3k)| = 9A + 7

1%

@+ 201+ 2+50]+ BA=3Dk| =% +7 ..(iii)
The plane passes through the pgihti, 3).

Therefore, its position vector is given by,

P =21+2]+3k

By substituting in equation (iii), we obtain
(21+7-3k)-[(2+ 201+ (2 +50)]+ Br—3)k] =9 +7
> Q2420+ Q2450 +BA—3) =9 +7

= 18A—-3=9A+7

=92 =10

10
SA=—
9

Hence, by substituting = 1970 in equation (iii), we obtain

iy <38A+68A+3f<)—17
P\9!' Tl Tg%)=

= I (381 + 68 + 3k) = 153

Thereforef - (381 + 68j + 3k) = 153 is the vector equation of the required plane.

11. Find the guation of the plane through the line of intersection of the plareg+z = 1
and2x + 3y + 4z = 5 which is perpendicular to the plare-y +z =0

Solution:

The equation of the plane through the intersection of the plareg,+ z = 1 and2x +
3y+4z=5is

x+y+z—1)+2A2x+3y+4z—-5)=0
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12.

> A+ Dx+BA+Dy+ @A+ Dz—GA+1) =0 ...( i)

The direction ratiosa,, by, c; of this plane are@A + 1), (3A + 1) and(4A + 1).
The plane in equation (i) is perpendiculakte y +z = 0

Its direction ratiosa,, b,, c, arel,—1 and 1.

Since the planes are perpendicular,

ai;a, + byby, + ¢4, =0

>A+1D)-CA+1D)+ A+ =0

=>3A+1=0

1
SA=—-
3

By substitutingh = —§ in equation (i), we obtain

112
3¥ 732737

>x—z+2=0

Thereforex —z + 2 = 0 is the requred equation of the plane.

Find the angle between the planes whose vector equations are

t- (21 +2j—3k) = 5andf- (31 — 37 + 5k) = 3

Solution:
The equations of the given planes @ré21 + 2j — 3k) = 5 and? - (31 — 3j + 5k) = 3

We know that ifd; andn, arer-n; = d; andr -1, = d, normal to the planes, then the
angle between them is given Qy

(1)

Heren, = 21 + 2j — 3k andi, = 3i — 3j + 5k

1y |1, |

~ Ty - A, = (21 + 2j — 3k)(31 — 3§ + 5k)
=23+2-(-3)+(-3)-5=-15

i1 = V()2 + (2)2 + (-3)2 = V17
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13.

16, = /(3)2+ (=3)2 + (5)2 = V43

By substituting the value af - ni,, |n; | and|n,|

—-15
COSQ:|—\/ﬁ.\/E
15
:cosQ—ﬁ
=>Q—cos‘1( 1> )
V731

Hence, the angle between the planes for the given vector equaﬁossﬁ{%).

In the following cases, determine whether the given planes are parallel or perpendicular
and in casetiey are neither, find the angles between them.

@)7x+5y+6z+30=0and3x—y—10z4+4 =0
(b)2x+y+3z—2=0andx—2y+5=0
(c)2x—2y+4z+5=0and3x—3y+6z—1=0
(d)2x—y+3z—1=0and2x—y+3z+3=0
(e)4x+8y+z—8=0andy+z—-4=0

Solution:

The direction ratios of normal to the plarig;a;x+ b,y + c;z =0 area;,b;,c; and
LZ: a1X + be aF CZ = 0 areaz, bz, Co

.e dq b1 Cq
Li||L,, if == — ==
1” 2 a, b2 C2

Ll L Lz, |f alaz + ble + C1C2 = 0

Thus, the angle betweén andL, is given by,

a;a, + b;b, + c;c,

\/af+bf+cf~,/a%+b%+c§

(a) The given equations of the planes&e- 5y + 6z + 30 = 0and3x —y— 10z + 4 =
0

1

Q = cos™
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Here,a; = 7,b; = 5,c;, =6

a, =3,b, =—-1,c, =10

ai;a; +biby +cic; =7X3+5X (1) +6%X(—10) =—44 %0
Hence, the given planes are not perpendicular.

ag _7by 5 C1 6 -3

a, 3b, -1 V¢ -10 5

It can be obserd that— ;t Lxa
2

C2
Therefore, the given planes are not parallel.

So, the angle between them is given by,

Q 7x3+5x%x(—1)+ 6 x (—10)
= COS~
+(5)2 4+ (6)2 x /(3)2 + (=1)% + (~10)2

,|21-5-60

= COS —_
110 x

R
— % 170
Q= cos~12

5

(b) The given equations of the planes2wet y+3z—2 =0andx—2y+5=0
Here,a; = 2,b; = 1,¢;, =3anda, =1,b, = —-2,¢c, =0

s~ aja,+bb,+cic; =2X1+1X(-2)+3x0=0

Therefore, the given planes are perpendicular to each other.

(c) The given equations of the given plane2are- 2y + 4z + 5 = 0 and3x — 3y + 6z —
1=0

Here,al = 2, b1 - 2, Cl = 4' andaz = 3,b2 = _3, C2 = 6
alaz+b1b2+C1C2 =2X3+(_2)(—3)+4X6=6+6+24‘=36;&0
Hence, the given planes are not perpendicular to each other.

a 2 b -2 2 c 4 2
—1=—,—1=—=—and—1=—=—
ds 3b2 -3 3 Cy 6 3

Cdr by !
' 2Y) - b, - C2
Therefore, the given planes are platdao each other.

(d) The given equations of the planes2te-y+3z—1=0and2x—y+3z+3 =0
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aq = 2,b1 = _1,C1 =3 andaz = 2,b2 = _1,C2 =3
Here,

a 2 b -1 c 3
M2 qang2=3=1
dp 2 b2 1 Cy 3

car by G
a, by ¢
Therefore, the given lines are parallel to each other.
(e) The given equations of the given planesdare 8y +z—8 = 0andy+z—4 =0
a; =4,b; =8,c;, =1anda, =0,b, =1,c, =1
Here,
a;a, +byb,+¢cic;, =4X0+8%x1+1=9+0
Hence, the given lines are not perpendicular to each other.
a_4b 8 _a_1_,
a, 0'b, 1 ¢, 1
a_ b a
a; by o
Thus, the given lines are not parallel to each other.
So, the angle between the planes is given by,
4x0+8x1+1x%x1
V42 + 82 +12 X V02 + 12 + 12
9
9 x+/2

= cos™! (\/%) = 45°

Q =cos™?!

1

= cos~

14. In the following cases, find the distance of each of the gieémts from the corresponding
given plane.

Point Plane

(@) (0,0,0) 3x — 4y + 12z = 3
(b)(3,-2,1)2x—y+2z2+3=0
(©)(2,3,-5)x+2y—2z=9
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(d) (—6,0,0) 2x — 3y + 6z — 2 = 0

Solution:

We know that the distece between a poipt(x,,y;,z,) and a planédx + By + Cz =D is

given by,
d _ AX1+Byl+CZ1—D .
= [V | (1)

(&) The given point i§0, 0, 0) and the plane i3x — 4y + 12z = 3

3X0—4X0+12%X0-3
J@2+(-4)2+(12)?

(b) The given point i3, —2,1) and the plane i8x —y+2z+3 =0

_ |13 13
3 3

3 3

wd= ~ Vies 13

2x3—(-2)+2x1+3

V(2)2+(-1)%+(2)?
(c) The given point i§2, 3, —5) and the plane is + 2y — 2z = 9

~d=

2+4+2%3-2(-5)-9

V(1D2+(2)2+(=2)2
(d) The given point i§—6,0,0) and the plane i8x — 3y + 6z —2 =0

=2_-3
3

~d=

2(—6)—3%x0+6x0—2

V(2)2+(=3)%+(6)?

od=

- B=ss

Miscellaneous

1. Show that the line joining the gih to the point(2,1,1) is perpendicular to the line
determined by the point8, 5, —1), (4, 3, —1).

Solution:
Let OA be the line joining the origirQ(0, 0, 0) and the pointA(2, 1, 1).
Also, letBC be the line joining the point8,(3,5,—1) andC(4, 3, —1).

The direction ratios 00A are 2,1 and1 andthe direction ratioof BC are (4 — 3) =
1,3—5)=-2and(—-1+1)=0
Now,
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a1a2+b1b2+C1C2=2X1+1(—2)+1X0=2—2=0
dqdy + b1b2 + C1Cy, = O
Therefore OA is perpendicular t8C.

2. If 1;,my,n; andl,, m,, n, are the direction cosines of two mutually perpendicular lines,
show that the direction cosines of the line perpendicular to both of these,aje-
m,nq, nql, — nyly, Ijmy, — ILmy.

Solution:

It is given thatl;,m;,n, and l,,m,,n, are the direction cosines of two mutually
perpendicular linesThus

1112 + m1m2 + n1n2 = 0 ( | )
B+mi+ni=1 ...(ii)
B+mi+ni=1 ..(iii)

Let |, m,n be the direction cosines of the line which is perpendicular to the line with
direction cosine$;, m;,n; andl,, m,, n,.

s~ 1y +mm; +nn; =0
I, + mm, + nn, =0

| m n

myn, —mpn; gl —nxly my; —Irmy

12 2 2

m n

(min;—m,ny )2 (nglp-nzlp)?  (Iymy-lym,)2

(0 V)

], m, n are the direction cosines of the line.

124+m?4+n?

(min;—mzny)2+(ngl—nz1;)2+(1;my~1,m4)?

2P+ m?4+n2=1 ..(Vv)

We know that,

(12 + m? + n2)(15 + m3 + n3) — (4], + m;m, + n;n,)?

= (myn, —myn;)? + (n4l, — nyl)% + (Iym, — l,my)?

From (i), (ii) and (iii), we obtain

= 1x1—-0=(myny +myn;)% + (ny1, — ny1;)? + (;m, — 1,m,)?
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~ (mny —myng)® + (ngl, —nyl)? + (Aymy —lmy)?> =1 ... (vi )

Substituting the values from equations (v) and (vi) in equation (iv), we obtain

12 m? n?

= = =1
(myn; —myng)?  (npl; —npl)? (Iym, —1;my)2

=>1= min, —myn{, M= n112 - nzll,n = llmz - 12m1

Hence the direction cosines of the required linerak@, — m,n,,n;1, — n,l; andl;m, —
l,m;.

3. Find the angle between the lines whose direction ratios Byeandb — c,c —a,a —b.

Solution:

The anglé between the lines with direction cosingdy, c andb — c,c — a,a — b is given

by,
a(b—c)+b(c—a)+c(a—b)
cosQ =
VaZ+bZ+cZ+./(b—c)?2+ (c—a)?+ (a—b)2
=cosQ=0

= Q = cos™10
= Q =90°

Hence the angle between the linevB’.

4. Find the equation of a line parallelsteaxis and passing through the origin.

Solution:

The line parallel tx-axis and passing through the origirxiaxis itself.
Let A be a point orx-axis.

Thus the coordinates of are given by(a, 0, 0), wherea € R.

Direction ratios of0A are(a—0) =a,0,0

The equation 00A is given by,
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y—0 z—0
0

0

5. If the coordinates of the points B,C,D be (1,2,3),(4,5,7),(—4,3,—6) and (2,9, 2)
respectively, then find the angle between the |kigsndCD.
Solution:

It is given that thecoordinates ofA,B,C and D are (1,2, 3), (4,5,7),(—4,3,—6) and
(2,9,2) respectively.

The direction ratios aABare(4 —1) =3,(5=2)=3and(7 —3) =4
The direction ratios ofD are(2 — (=4)) = 6,(9=3) =6 and(2 — (-6)) = 8

It can be seen tIt|§l =
2

2

by _

C2

C1 _

1
2

Therefore AB is parallel toCD.
Hence the angle betweekB andCD is either0® or 180°.

. -1 -2 -3 -1 -1 -6 . .
6. If the IlnesX_—3 = yz—k = ZT andX3—k === Z_—S are perpendicular, find the valoék.
Solution:
. . -1 2 - -1 -1 -6 .
Given: Two Ilnesx_—3 = yz—k 2 and X3—k = yT = Z_—S are perpendiculato aa, +
ble + C1C2 = 0
. . . .o x—1 y—2 z—-3 x—1 y-1 z—6
The direction of ratios of the Ilnegg - andg—k ==—=—are-3, 2k, 2 and

3k, 1, =5 respectively.

We know thattwo lines with direction ratiosy;, b,, c; anda,, b,, c, are perpendicular if
a;a, +byb, + ¢4, =0
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~=3Bk)+2kx1+2(=5)=0
= -9k +2k—-10=0
=7k =-10

:k—_m
7

Therefore, fokk = —1—70, the given lines are perpendicular to each other.

7. Find the vector equation of the line passing throligl, 3) and perpendicular to the plane
P-(@+2)—-5k)+9=0

Solution:
Given: The paition vector of the pointl,2,3) ist; =1+ 2j + 3k

The direction ratios of the normal to the(i+ 2j — 5k) + 9 = 0 plane arel, 2 and the
normal vector iN = i + 2j — 5k

The equation of a line passing through a paick perpendicular to the given plane is given
byl=f+AN, A€R

= 1= (1+2)+3k) +2A(i + 2j — 5k)

Therefore, the required equatior is (i + 2j + 3k) + A(i + 2j — 5k).

8. Find the equation of the plane passihigpugh(a, b, c) and parallel to the plane
r-(i+j+k)=2

Solution:

It is given thaequatiorparallel to the planis ¢, - (1+§+k) = 2
B-(14+7+R) =4 ..(i)

The plane passes through the pginb, c).
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Therefore, he position vectof of this point ist = ai + bj + ck
Thus, equation (i) becomes

(ai+bj+ck)-(1+j+k) =2

=a+b+c=A27A

Substitutingh = a + b + c in equation (i), weobtain
LA+j+k)=a+b+c ..(i i)

This is the vector equation dfd required plane.
Substituting? = xi + yj + zk in equation (i), weobtain
(xi+yj+zk)-(i+j+k)=a+b+c
>xty+tz=atb+tc

Hence, the equation of the plane in cartesian forrHisy + z=a+b + ¢

9. Find the shortest distance between lines6i + 2f + 2k + A(1 — 2f + 2k)

andt = —4i — k + p(31 = 2§ — 2k)

Solution:

Given lines are:
r=6l+2j+2k+A(i—2j+2k) ...( i)
r=—4—k+p(31—2j—2k) ..(i i)

We know thatthe shortest distance between two lirfes, 3, + Ab, andt = 3, + Ab, is
given by

(31 XEZ)'@Z -aq)

d= =
|byxb,|

NeRED

Comparing? = 3, + Ab, and? = 3, + Ab, to equations (i) and (ii), webtain

a; = 61+ 2j + 2k
b, =1— 2] + 2k
52:_4’1\_1’2
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10.

b, = 31— 2j — 2k
=3, -3, = (—41—k) — (61 + 2j + 2k) = —101 — 2j — 3k

=>b; xby =1 -2 2
3 -2 -2

=4+ 41— (=2-6)]+ (-2 + 6)k = 81 + 8 + 4k

« [by X byl = /(8)% + (8)2 + (4)% = 12

(b, x by) - (3, —3;) = (81 + 8 + 4k) - (=101 — 2§ — 3K)
=-80—-16—-12 =-108

Substituting all the values in equation (1), e@ain

108 _
12 |
Hence the shortest distance between the two given lin@sirsts.

a=|

Find the coordinates of the point where the line thraigh, 6) and (3,4, 1) crosses the
YZ-plane

Solution:
It is given that the line passes throu@ht, 6) and(3, 4, 1) crosses th&Z-plane

We know that the equabn of the line passing through the poirts,,y,,z;) and
(X2, Y2, %)
X=X1 _ Y=V1 _ Z77

X2—X1 Y2—=Yy1 Z2—2721

The line passing through the poilif 1, 6) and(3, 4, 1) is given by

x—5 y—1 z—6
3-5 4—-1 1-6

X—5 -1
2=

Z—6
ISPk
-2 3 -5

=>x=5-2ky=3k+1,z=6—-5k
Any point on the line is of the foritb — 2k, 3k + 1,6 — 5Kk).
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11.

The equation oYZ-plane isx = 0

As the line passes throudt-plane,we get

5—-2k=0
:sz
2
5 17
=>3k+1=3><§+1=7
6—5k=6—5><5=_—13
2 2

Therefore, the required pointﬁ@,lzl,_TB).

Find the coordinates of the point where the line thraiigh, 6) and (3, 4, 1) crosses the
ZX — plane.

Solution:
It is given that the line passt#sough(5, 1, 6) and(3, 4, 1) crosses th&X-plane

We know that the equation of the line passing through the poixtsy,,z,;) and
(X2,¥2,72)
X—Xq Y=Y1 Z—Zq

X2—X1 Y2—=Yy1 227729

The line passing tbugh the point$5, 1, 6) and(3,4, 1) is given by

X5 _ Y 776

3-5  4-1  1-6
x—5 y—-1 z-6

= = = :k
-2 3 -5

=>x=5-2ky=3k+1,z=6—-5k
Any point on the line is of the forigb — 2k, 3k + 1, 6 — 5k).

As the line passes throu@iX-plane ,we get

3k+1=0
K 1
>k=—-=
3
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Now,
1 17
$x=5—2k=5—205)=§-
1, 23
:z=6—5k=6—505)=§-

Hence the required point ié%, 0, ?)

12. Find the coordinates of the point where the line thrd@gk4, —5) and(2, —3, 1) crosses
the plae2x +y +z = 7.

Solution:

The given line passes throudB, —4, —5) and(2, =3, 1) crosses the plariz + y + z =
7.

We know that the equation of the line through the poilntsy,, z;) and(x,, y,, z,)

. xX—Xx — z—z
is 1=J/Y1= 1

X2—Xq Y2—Y1 Z2—7Z4

As the line passing through the poif8s—4, —5) and(2, —3, 1), its equation is given by
x—3 y+4 z+5
2—3 -3+4 145

x-3 +4 z+5
S YT _ 2 g

-1 1 6
>x=3—-k,y=k—4,z=6k -5
Thus, any point on the line is of the fof®— k, k — 4, 6k — 5).

This point lies on the plan2x +y +z =7

~2B-k)+(k—4)+(6k—-5) =7

=>5k—-3=7

=>k=2

Hence the coordinates of the required point @e- 2,2 — 4,6 x 2 —5) i.e.,(1,-2,7).

13. Find the equation of the plane passing through the [§eiht3,2) and perpendicular to
each of the planes+ 2y + 3z=5and3x +3y+z=0.
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14.

Solution:

The equation of the plane passing through the geirt3,2) is (x + 1) + b(y — 3) +
c(z—2)=0 ...( 1) b, earethe direction ratios of normal to the plane.

We know thattwo planesi x + b,y + ¢,z + dy = 0 anda,x + b,y + ¢,z + d, = 0 are
perpendicular, itya, + bib, + cic, =0

So, equatiorti) is perpendicular to the plane+ 2y + 3z =5
saX1l4+bx24+cx3=0

=>a+2b+3c=0 ..(1 1)

Also, equation(i) is perpendicular to the plangy + 3y +z =0
~aX3+bx34+cx1=0

=23a+3b+c=0 ..(1 1 1)

From equations (ii) and (iii)ye get

a b c
2x1-3x3 3x3—-1x1 1x3-2x3
a b c
R R

=2>a=-7k,b=8k,c=-3k

Substituting the values af b, andc in equation (i), we get
—7k(x+1)+8k(y—3)—3k(z—2)=0

= (=7x=7)+ @By —24)—3z4+6=0

= —-7x+8y—3z2—-25=0

=>7x—8y+3z+25=0

Therefore,7x — 8y + 3z + 25 = 0 is therequired equation of the plane.

If the points(1,1,p) and(—3,0,1) be equidistant from the plarie (3% + 4f — 12k) +
13 = 0, then find the value gb.

Solution:

The given points arél, 1,p) and(—3,0,1)
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The position vector through the poit, 1,p) isd, =i + j + pk

Similarly, the position vector through the po{rt3,0, 1) is

d, = —4i+k

The equation of the given planefis(3i + 4f — 12k) + 13 =0

We know thatthe perpendicular distance between a point whose position vedanis

__|@-N-d]

the planef: - N = d, is given byD = 7]

In this condition N = 3i + 4j — 12k andd = —13
Thus thedistance between the poifit, 1, p) and the given plane is
D, = |(i +7 +pk) x (3i+4jt 12k) + 13|
31+ 4] — 12k]|
13+ 4 —12p + 13|
LTt (12

[20—12p| .
ﬁDl:T ( | )

Similarly, the distanceetween the point—3,0, 1) and the given plane is
|(=3t+ k) - (3t + 4f — 12k) + 13|
31+ 4f — 12k]|
| —9 — 12+ 13
= D2 =
V32 + 42 + (—12)2

2

8 B
:"DZ:E 1)

Since, it is gven that the distance betwedretrequired plane and the poins, 1, p) and
(—=3,0,1) is equal.

S D1 = D2
|20 — 12p| 8
=5 —_ =
13 13

=20—12p =8 o0r—(20 — 12p) = 8
= 12p = 12 or 12p = 28

:pzlorp=§

Hence, the value of pis 1 g)r
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15. Find the equation othe plane passing through the line of intersection of the planes
(i+j+k)=1and?- (2 +3j— k) + 4 = 0 and parallel toc-axis.

Solution:

Given planes arg®- ({+j+ k) =1and?- (2{+3j—k)+4 =0
Now,7- (i+j+k)=1

=>7-(+j+k)-1=0

7-(20+3j—-k)+4=0

The equation of any plane passing through the line of intersection of these planes is
[7-((+7+k)—1]+2[7 - (2t+3/—k)+4] =0

7 [CA+ DI+ GBI+ D+ A - D]+ (@2+1) =0 ...( i)
Its direction ratios aré2A + 1), (341 + 1) and(1 — 4).

The required plane is parallel teaxis.

Therefore, its normal is perpendiculand@xis.

The direction ratios aof-axis arel, 0 and0.

21X A+ +0BA+1D)+0(1—-2) =0

=>21+1=0

1 1
SA=—=
2

Substitutingd = —% in equation (i), we get
P [ 1A+312] +(=3)=0
571 |—=j+= -3) =
TelT3i+3 (=3)
=>7(j-3k)+6=0

Thus, itscartesian equation ig—3z+ 6 =0

Thereforey — 3z + 6 = 0 is the equation of the required plane.

16. If O be the origin and the coordinatesfolbe (1, 2, —3), then find the equation of the plane
passing througlt® and perpendicular tOP.
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17.

Solution:

Given:

The coordinates of the point3,andP are (0, 0,0) and(1, 2, —3) respectively.
Thus, the direction ratios ofP are(1 —0) =1,(2—-0) =2 and(-3 —-0) = -3
We know that the equation of the plane passing through the gainy, z,) is
a(x—x)+bly—y)+c(z—2;) =0

wherea, b andc are the direction ratios @ormal.

Here, the direction ratios of normal are and—3 and the poinP is (1,2, —3).
Therefore, the equation of the required plane is
1x—1D+2(y—2)—3(z+3)=0

>x+2y—3z—14=0

Hencex + 2y — 3z — 14 = 0 is the required equation ofdiplane.

Find the equation of the plane which contains the line of intersection of the planes

7-(1+2j+3k)—4=0,#-(20+j—k)+5=0 and which is perpendicular to the
plane

7-(5i+3j—6k)+8=0

Solution:;

The given quations of the planes are
Fo(i+2/+3k)—4=0 ..(i)
7o(2t+j-k)+5=0 ..(ii)

The equation of the plane passing through the line intersection of the plane given in
equation (i) and equation (ii) is

[7#-(+2j+3k)—4]+2[#- (2t+j—k)+5]=0
- [CA+ DI+ A+ 2D+ B -Dk]+GA—-4) =0 ..(iii)
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18.

The plane in equation (iii) is perpendicular to the pland5i + 3 — 6k) + 8 = 0
“5QA+ 1) +3(1+2)—6(3—1)=0
=191 -7=0

7
S A==
19

Substitutingd = % in equation (iii), we get

L 33,45 50.1-41
=7 |l— - - I
"119' 19/ T19%] 10

=7-(331+45]+50k)—41=0 ..(i V)

This is the vector equation of the required plane.

The Cartesian equation of thisape can be obtained by substituting xi + 97 + zk in
equation (iii).

(xt+yj+zk) - (330 +45j + 50k) —41 =0
= 33x + 45y +50z—-41=0
Therefore33x + 45y + 50z — 41 = 0 is the required equation of the plane.

Find the disance of the point—1,—5, —10) from the point of intersection of the lime=
20— j + 2k + (3t + 4 + 2k) and the plané - (i —j + k) = 5.
Solution:

The equation of the given line is
F=21—j+2k+A(31+47+2k) ..( i)

The equation of the given plane is

Fo(l—j+k)=5 ..(ii)

Substituting the value affrom equation (i) in equation (ii), we get
[28—j+2k+2(3t+4j+2k)]-(i—j+k)=5

= [BA+2)i+@A—-1Dj+ @1+ 2)k|-(i—j+k)=5

> BA+2)—-(4r-1)+(21+2)=5
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=>1=0

Substituting this value in equation (i), \wetthe equation of the line as

?=20—j+2k

This means thAat the position vector of the point of intersection oirtheihd the plane is
r=20—j+2k

This shows that the point of intersection of the given line and plane is given by the
coordinate(2, —1, 2).

The distancel between the point&, —1, 2) and(—1,—5,—10), is

d=(-1-2)2+ (=5+1)2 + (=10 — 2)2

=9+ 16 + 144 = V169 = 13

Therefore, the distance of the given point is 13.

19. Find the vector equation of the line passing thro{igi, 3) and parallel to the planes
f=(—-j+2k)=5and? - (3i+j+k)=6

Solution:

The given equation of the planes &re (i — j + 2k) =5and?- (3i+j+k) =6
Let the required line be parallel to vect%given by,

b = b,i + b,j + b3k

The position vector of the poilt, 2,3) isd = i + 2 + 3k

The equation of line passing throu@h 2, 3) and parallel tdh is given by,
F=d+b

= 7(14 2]+ 3k) + A(byi + byj + bsk) ...(i )

The equations of the given planes are

(E=j+2k)=5 ..(ii)

-Bi+j+k)=6 ...(iii)

=

=

The line in equation (i) and plane in equation (ii) are parallel.

49
Practice more on Three Dimensional Geometry www.embibe.com




Class-Xll-Maths Three Dimensional Geometry

Therefore, the normal to the plane of equation (ii) and the given line are perpendicular.
= (1 —j+2k) - A(byi+ bof + bsk) =0

= A(by — by +2b3) =0

=>b,—b,+2b;3=0 ...(1 V)

Similarly, (3t + j + k) - A(by + baj + bsk) = 0

=> A(3b; + b, +b3) =0

=3b,+b,+b;=0 ...(V)

From equations (iv) and (v), wabtain

(-1x1)—-(1x2) (2x3)—-(1x1) @{Ax1D-=Bx-1
" 3375 1

Therefore, the direction ratios bfare—3,5 and4.
&b = bl + byj + bsk = =31 + 5] + 4k
Substituting the value dfin equation (j, we get
# = (i+ 2+ 3k) + A(=31 + 5] + 4k)

Hence# = (i + 2j + 3k) + A(—3i + 5] + 4k) is therequiredequation of the line.

20. Find the vector equation of the line passing through the pbif—4) and perpendicular
to the two lines™=2 = 21 - 210 gpg*~1> _ Y29 _ 25
'3 -16 7 3 8 -5

Solution:;

Given: Two lines arée— =

x;8 y_+1169 _ z—710 andx—315 _ y—829 z_—55
Let the required line be parallel to the ved?cgiven byE = byl + b,j + b3k
The position vector of the poiit, 2, —4) isd = i + 2] — 4k
The equation of the line passing throldh2, —4) and parallel to vectay is
7=d+Ab
= 70+ 2] — 4k) + A(byi + byf + bsk) ...( i)
The equations of the lines are
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21.

x—-8 _y+19  z—-10 .
STl L)
x—=15 _ y-29 _ z-5 .

T s T L)

Since, equatiofi) andequation(ii) are perpendicular to each other,
#3by—16b, +7b;=0 ...(i V)

Also, equation(i) andequation(iii) are perpendicular to each other.
~3by +8b, —5b3=0 ...( V)

From equations (iv) and (v), we get

b, _ b, _ bs
(-16x =5)—(8x7) (7x3)—(3%x-5) (3x8)—(3x—16)
by b, bs
=5 — = — = —
24 36 72
by by b3
> — = — = —
2 3 6

-. Direction ratios ob are2, 3 andé.

= b =20 +3] + 6k

SubstitutingE = 2i + 3j + 6k in equation (i), we get
# = (i+ 2 — 4k) + A(21 + 3] + 6k)

Hencei = (i + 2j — 4k) + (21 + 3] + 6k) is therequiredequation of the line.

Prove that if a plane has the intercepts, c and is at a distance Bfunits from the origin,

1 1 1 1
then;+ﬁ+c—2=p—2

Solution:

Given: Aplane has the interceptsh, c and is at a distance #funits from the origin

1
a?

1 1 1
+b_2+c_2__

To prove: 2

Proof:
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The equation of a plane having intercepts, ¢ with x, y andz axes respectively is given
by,

X,y ,z_ .
E+E+;_1 ( | )

The distancép) of the plane from the origin is given by,

0O 0 0
P % /1\? 1N\
& +@+@
:)p— !
1
2
TPTT T 1
a?  b?  c?
i_1,1.1

Hence, it is proved.

22. Distance between the two plan@s:+ 3y + 4z = 4and4x + 6y + 8z = 12 is
(A) 2 units
(B) 4 units
(C) 8 units

2 .
(D) s units

Solution:

(D)

Thegivenequations of the planes are
2x+3y+4z=4 ...(1)

4x + 6y + 8z =12
=>2x+3y+4z=6 ..(i1)

Here,the given planes are parallel.
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23.

We know thatthe distance between two parallel plames+ by + cz = d; and ax +

by + cz = d, is given by
d —dy
6—4
V)2 + (3)% + (4)?

p=|

Hence, the distance between the Iine%mnits.

Therefore, the correct answelills

The planes2x —y + 4z = 5 and5x — 2.5y + 10z = 6 are
(A) Perpendicular

(B) Parallel

(C) Intersecty-axis

5
(D) Passes throug(m, 0, Z)

Solution:

(B)

Thegivenequations of the planes are
2x—y+4z=5 ..(i)
5x—25y+10z=6 ..(i i)

From the above equations we get

a; 2

a; 5

b, 1 2
b, -25 5
G _ 4 _2

Cy 10
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a; by ¢
B az - b, - C2
Thus, the given planes are parallel.

Therefore, the correct answers

Practice more on Three Dimensional Geometry
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