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| EXERCISE 11.3
In each of the following cases, determine the direction cosines of the normal to
the plane and the distance from the origin.
(a) z=2 ®) x+y+z=1
(c) 2x+3y—-z=5 (d 5y+8=0
Find the vector equation of a plane which is at a distance of 7 units from the

origin and normal to the vector 37 +5 ] -6 k.

Find the Cartesian equation of the following planes:
(a)

(© Fls=20i+B-1)j+Q2s+t)k]=15
In the following cases, find the coordinates of the foot of the perpendicular
drawn from the origin.

(a) 2x+3y+4z-12=0 (b) 3y+4z-6=0
() x+y+z=1 (d 5y+8=0
Find the vector and cartesian equations of the planes

~N|

G+j-k=2 (b) 7-(2i+3) - 4k)=1

(a) that passes through the point (1, 0, — 2) and the normal to the plane is

i+ j—k.
(b) that passes through the point (1,4, 6) and the normal vector to the plane is
[=2]+k.
Find the equations of the planes that passes through three points.
(a) (1,1,-1), (6,4,-5),(-4,-2,3)
b (1,1,0),(1,2,1),(-2,2,-1)
Find the intercepts cut off by the plane 2x +y —z=15.

Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX
plane.

Find the equation of the plane through the intersection of the planes
3x-y+2z-4=0and x + y + z—2 = 0 and the point (2, 2, 1).

Find the vector equation of the plane passing through the intersection of the
planes 7 (27 +2 j-3k)=7,7.(2i +5 j+ 3k ) =9and through the point
2,1,3).

Find the equation of the plane through the line of intersection of the
planes x + y + z =1 and 2x + 3y + 4z = 5 which is perpendicular to the plane
x—-y+z=0.
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494 MATHEMATICS

12. Find the angle between the planes whose vector equations are
Fe2i+2j-3k=5and F-3i-3]j+5k=3
13. In the following cases, determine whether the given planes are parallel or
perpendicular, and in case they are neither, find the angles between them.
(@) 7x+5y+6z+30=0 and 3x—y-10z+4=0
(b) 2x+y+3z-2=0 and x-2y+5=0
(c) 2x—2y+4z+5=0 and 3x-3y+6z—-1=0
(d 2x—y+3z-1=0 and 2x—y+3z+3=0
(e) 4x+8y+z-8=0 and y+z-4=0

14. In the following cases, find the distance of each of the given points from the
corresponding given plane.

Point Plane
(a) (0,0,0) 3x—-4y+12z=3
b (3,-2,1 2x—y+2z+3=0
(© (2,3,-9) x+2y-2z=9
(d) (-6,0,0) 2x-3y+6z-2=0

Miscellaneous Examples

Example 26 A line makes angles o, [, yand 8 with the diagonals of a cube, prove that

cos? oL + cos? B + cos? Y + cos? & = 3

Solution A cube is a rectangular parallelopiped having equal length, breadth and height.
Let OADBFEGC be the cube with each side of length a units. (Fig 11.21)

The four diagonals are OE, AF, BG and CD. fﬁ
The direction cosines of the diagonal OE which 0. 0
is the line joining two points O and E are 0.9, a)F((), a, a)
(@,0,0) G
a—0 a—0 a-0 E(a,a,0)
Vil +a?+a® Nt +a> +a® Nat +a* + SY
Y B(0, a, 0)
11 1 A(a,0,0) D(a, a,0)
ie., =, =, T X
37437 43 Fig 11.21
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THREE DIMENSIONAL GEOMETRY 495

-1 1 1 1
Similarly, the direction cosines of AF, BG and CD are ——, ——, —; —,
Y BB B B

-1 1 1 1 -1
—, —= and — , —=, —=, respectively.
BB BB B
Let I, m, n be the direction cosines of the given line which makes angles o, 3,7, 0
with OE, AF, BG, CD, respectively. Then

1 1
cos ol :ﬁ (l+m+n);cosB:$(—l+m+n);

1 1
cosy = ﬁ(l—m+n); cos & = $(1+m—n) (Why?)

Squaring and adding, we get
cos’a + cos? B + cos? Y + cos® &

[(+m+n)+H+m+n)P] +(U-m+n)?+ (1 +m-n)]

[4P+m*+n*)] = (asP+m>+n*=1)

W= W=
[SSIEN

Example 27 Find the equation of the plane that contains the point (1, — 1, 2) and is
perpendicular to each of the planes 2x + 3y —2z=5and x + 2y — 3z = 8.

Solution The equation of the plane containing the given point is
Ax-1)+B@y+1)+C(z-2)=0 .. (D)
Applying the condition of perpendicularly to the plane given in (1) with the planes
2x +3y—2z=>5and x + 2y — 3z = §, we have
2A+3B-2C=0and A+2B-3C=0
Solving these equations, we find A = — 5C and B = 4C. Hence, the required
equation is
-5C(x-1D)+4C@Hy+1)+Ciz-2)=0
ie. Sx-4y—-z=7

Example 28 Find the distance between the point P(6, 5, 9) and the plane determined
by the points A (3, -1, 2), B (5,2,4) and C(- 1, -1, 6).

Solution Let A, B, C be the three points in the plane. D is the foot of the perpendicular
drawn from a point P to the plane. PD is the required distance to be determined, which

is the projection of AP on AB x AC.
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496 MATHEMATICS

Hence, PD = the dot product of AP with the unit vector along AB x AC.

So AP =37 4+6j+7k
ij ok
and ABxAC = | 2 3 2/ =12i-16]+12k
-4 0 4
Unit vector alone BB x G 3i-47+3k
nit vector alon = —
g X @
Hence PD=(3f+6j+7l€).w

NeY!

17
Alternatively, find the equation of the plane passing through A, B and C and then
compute the distance of the point P from the plane.

Example 29 Show that the lines
x—a+td y-a z-a-d
o—-90 o o+

x=b+c y-b z-b-c
and = = v are coplanar.

B-v § B+

Solution
Here x =a-d x,=b-c
y=a y,=b
z,=a+d z,=b+c
a = o-9 a,=B-vy
b, = a b,=B
c,= 0+ c,=B+y
Now consider the determinant
X=X YVa— Y L% b-c—a+d b-a b+c—-a-d
a, b, a | _ o—-9 o o+9d
@, b, &) P-v p B+vy
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Adding third column to the first column, we get
b-a b—-a b+c—a-d
21 o o o+ 9 =0

p p B+y

Since the first and second columns are identical. Hence, the given two lines are
coplanar.

Example 30 Find the coordinates of the point where the line through the points
A (3,4, 1) and B(5, 1, 6) crosses the XY-plane.

Solution The vector equation of the line through the points A and B is
P30 440 4k+A[(5-3) +0-4)]+(6-1)k]
ie. FE30+4 ] +k+A(20-3]+45k) . (D
Let P be the point where the line AB crosses the XY-plane. Then the position
vector of the point P is of the form x i +y J.

This point must satisfy the equation (1). (Why ?)

ie. xi4+yj=B+20M) 1 +(4=30) j+(1+50)k
Equating the like coefficients of {, j and & , we have

x=3+2A

y=4-3A

0=1+4+5A
Solving the above equations, we get

X = 3 and y = 23

5 5

13 23
Hence, the coordinates of the required point are 550 0.

Miscellaneous Exercise on Chapter 11

1. Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the
line determined by the points (3, 5, - 1), (4,3, - 1).

2. Ifl,m,n andLl, m, n,are the direction cosines of two mutually perpendicular
lines, show that the direction cosines of the line perpendicular to both of these

are my ny —my s, b —ny by Lmy =1 my
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Find the angle between the lines whose direction ratios are a, b, ¢ and

b-—c,c—a,a-b.

Find the equation of a line parallel to x-axis and passing through the origin.

If the coordinates of the points A, B, C, D be (1, 2, 3), (4,5, 7), (-4, 3,—6) and

(2,9, 2) respectively, then find the angle between the lines AB and CD.

If the lines = -1 == 2 = i3 and x -l =2 -1 . 6 are perpendicular,
-3 2k 2 3k 1 -5

find the value of k.

Find the vector equation of the line passing through (1, 2, 3) and perpendicular to

theplane 7. (i 42 j—5k)+9=0.
Find the equation of the plane passing through (a, b, ¢) and parallel to the plane
P+ ]+k)=2.

Find the shortest distance between lines 7= 61 +2 j +2k+A (f -2 j +2 12)

and F =—4i—k+pn@Bi-27-2k).
Find the coordinates of the point where the line through (5, 1, 6) and (3, 4,1)
crosses the YZ-plane.

Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1)
crosses the ZX-plane.

Find the coordinates of the point where the line through (3, — 4, — 5) and
(2, -3, 1) crosses the plane 2x + y + z="7.

Find the equation of the plane passing through the point (- 1, 3, 2) and perpendicular
to each of the planes x + 2y + 3z=5and 3x + 3y + z = 0.

If the points (1, 1, p) and (- 3, 0, 1) be equidistant from the plane
7-(37+4 j—12k)+13=0, then find the value of p.

Find the equation of the plane passing through the line of intersection of the
planes 7. (7 + j+k)=1and 7- (27 +3 j—k)+4=0 and parallel to x-axis.

If O be the origin and the coordinates of P be (1, 2, — 3), then find the equation of
the plane passing through P and perpendicular to OP.

Find the equation of the plane which contains the line of intersection of the planes
Fo(i+27+3k)—4=0,7-(27 + j —k)+5=0and which is perpendicular to the
plane 7-(57+3 j—6k)+8=0.
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Find the distance of the point (— 1, — 5, — 10) from the point of intersection of the
line F=27—j+2k+A(3i+4]+2k)andthe plane 7-({ — j +k)=5.

Find the vector equation of the line passing through (1, 2, 3) and parallel to the
planes 7-(f — j+2k)=5 and 7-3i + j+k)=6.

Find the vector equation of the line passing through the point (1, 2, — 4) and
perpendicular to the two lines:

x—=8 y+19 z-10 x—-15  y-29 z-5

d - =
3 -6 7 M3 8 =5
Prove that if a plane has the intercepts a, b, ¢ and is at a distance of p units from
the origin, then iz + iz + iz = Lz .
a b c p

Choose the correct answer in Exercises 22 and 23.

22.

23.

Distance between the two planes: 2x + 3y + 4z=4 and 4x + 6y + 8z = 12 is

(A) 2units (B) 4 units (C) 8units (D) L units

V29

The planes: 2x —y + 4z =5 and 5x — 2.5y + 10z = 6 are

(A) Perpendicular (B) Parallel

(C) intersect y-axis (D) passes through (0,0, %)
Summary

Direction cosines of a line are the cosines of the angles made by the line

with the positive directions of the coordinate axes.
If [, m, n are the direction cosines of a line, then I* + m?> + n*> = 1.

Direction cosines of a line joining two points P(x,, y,, z,) and Q(x,, y,, z,) are
=4 NTh 7%

) b

PQ ~ PQ ~ PQ

where PQ = \/(xz — xl)2 +(y, — yl)2 I (z2 = zl)2
Direction ratios of a line are the numbers which are proportional to the
direction cosines of a line.

If [, m, n are the direction cosines and a, b, ¢ are the direction ratios of a line
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then
; a b c
= ; m = ; n=
Ja* + b+ Ja? +b* + ¢ Ja? +b* + ¢
Skew lines are lines in space which are neither parallel nor intersecting.
They lie in different planes.

Angle between skew lines is the angle between two intersecting lines
drawn from any point (preferably through the origin) parallel to each of the
skew lines.

If [,,m,n and L, m, n, are the direction cosines of two lines; and 6 is the
acute angle between the two lines; then

cos® = I[l, + mm, + nn,)
Ifa, b, ¢, and a,, b,, c, are the direction ratios of two lines and 6 is the
acute angle between the two lines; then

a, a,4®B b, N, c,
2 2 7 2 2 2
\/al + 4 +§ \/a2 + D& &

Vector equation of a line that passes through the given point whose position

cos0 =

vector is @ and parallel to a given vector p is F=d +A b .
Equation of a line through a point *xY52) and having direction cosines /, m, n is
X=X _ YN _27%
[ m n
The vector equation of a line which passes through two points whose position

vectors are d@ and b is F=d + A (b — a).
Cartesian equation of a line that passes through two points (x,, y,, z,) and

. X% y—y -2
(xX,, ¥, 2,) 18 L = L= L.

=% NN L7774

If 8 is the acute angle between 7=g, +Ab, and 7 =4a, +Ab,, then

b, -b
cosf=|—"—2—
15,1 1b, |
If X=X _ Y=Y _ <~ .l X=X _ y =Y _ <~ %
ll m, n; lz m, n,

are the equations of two lines, then the acute angle between the two lines is
given by cos 6 =1/l + m m, + n n,|.
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Shortest distance between two skew lines is the line segment perpendicular
to both the lines.

Shortest distance between 7 =a, + Ab, and 7 =d, + 1 b, is
(b xby)- (G, — Gy)

| b, b, |

. . X — X
Shortest distance between the lines: = = and
a, b, C

X=X%H Y=Y _27% .
a, b, ¢y

\/(blc2 —bzcl)2 + (¢, —czal)2 +&a.P% azbl)2

Distance between parallel lines 7 =g, + Aband 7= a, + b is

In the vector form, equation of a plane which is at a distance d from the
origin, and 7 is the unit vector normal to the plane through the origin is
r-n=d.

Equation of a plane which is at a distance of d from the origin and the direction
cosines of the normal to the plane as [, m, n is Ix + my + nz = d.

The equation of a plane through a point whose position vector is a and

perpendicular to the vector N is (7F—d).N=0.

Equation of a plane perpendicular to a given line with direction ratios A, B, C

and passing through a given point (x,, y,, z,) is
Ax-x)+B@y-y)+C(z-2z)=0

Equation of a plane passing through three non collinear points (x,, y,, ),
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(xp ¥,» 2,) and (x,, y,, z,) 1S

X=X Y= 2%

=% = "4

X3 =% Vs =N &4
Vector equation of a plane that contains three non collinear points having
position vectors a, b and ¢ is (F—d).[b-a)x(c—ad)]=0

Equation of a plane that cuts the coordinates axes at (a, 0, 0), (0, b, 0) and
0,0, ¢)is

Vector equation of a plane that passes through the intersection of
planes7 -7, =d, and 7 -1, =d, is 7- (i, + Ani,) =d, + Ad,, where A is any
nonzero constant.

Cartesian equation of a plane that passes through the intersection of two
given planes A x+ B, y+C,z+D =0and A,x+B,y+C,z+D,=0

is(A/x+B y+C z+D)+AA,x+B,y+C,z+D, =0.
Two lines 7 = @, + Ab, and 7 = &, + W b, are coplanar if
(@ =) (b xb,) =0

X=X _Y=¥%_2-7% X%
bl Cl a'2

In the cartesian form two lines =

Y= 2%
T ¢ are coplanar if 4 b G
2 2
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b-i
ng=|——
¢ b1l

¢ The angle 6 between the planes A x + By + Cz + D, = 0 and

A,x+B,y+C,z+D,=0is given by

Al A, +B; B, +C, C,
\/A12+B12+C12 \/A§+B§+C§

cos 0 =

4 The distance of a point whose position vector is a from the plane 7-n=d is
ld—a-nl
4 The distance from a point (x, y,, z,) to the plane Ax + By + Cz + D =0'is
Ax, + By, +Cz +D
J A>+B%+C
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